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Abstract

An elementary theory for a radiation field with any spin J is presented. This is a natural
extension of Maxwell’s equations for the electromagnetic field. The idea is to use the
generators for the U(2) group in a multidimensional representation. These generators

are a linear combination of the ones for infinitesimal Lorentz transformations. The con-
stants of the motion in this formalism are discussed. As an example, angular distributions
of the Poynting vector are given.

1. Introduction

Since the late 1950’s R. H. Good, Jr. and his collaborators (Good, 1957;
Hammer and Good, 1957, 1958) have developed a field theory for massless
particles with any spin J, and later they applied the same idea for massive
particles (Weaver et al., 1964; Shay et al., 1965; Nelson and Good, 1968).
Their basic idea is to reformulate Maxwell’s equations using a spin operator.
We will use the same idea and reformulate Maxwell’s equations using a gen-
aralized Pauli spin operator instead of the usual spin operator. This idea was
originally presented by O. Laporte and G. E. Uhlenbeck (1931). In this paper
we wish to present an elementary theory for a radiation field with any spin J.
This theory is a natural extension of Maxwell’s equations for the electro-
magnetic field. In this formulation matrix multiplication is the only mathe-
matical technique needed.

The essential idea i3 to use the generators for the U(2) group in a multi-
dimensional representation whose dimension is determined by the spin of
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the field in question. Since the number of generators needed for the U(2)
group is 4, they can correspond to the (x,y, z, icf) coordinates. We will show
that these generators are a linear combination of the generators of infinitesimal
Lorentz transformations (Naimark, 1964).> The simplest nontrivial represen-
tation of the U(2) group is of course two dimensional, which could be the

unit matrix and Pauli spin matrix. In this case the equation obtained represents
a spinor field. The next smallest dimension is 4 and the equation represents a
vector field. Since vector fields have only three independent components, the
fourth equation gives the divergence condition on the field. The fact that the
dimension of the generators of the U(2) group is 4 in the case of a vector field
is consistent with the concept of composite fields. Namely, the vector fields
are constructed from two spinor fields.

The same idea can be extended to fields with any spin J that are constructed
from a spinor and a (J — %) field. The total dimension of the U(2) group is 47;
the real fields span (27 + 1) dimensions and the remaining (27 — 1) dimensions
describe the divergence conditions.

We will start with the classical Maxwell’s equations and reformulate them
in terms of 4 x 4 matrices, T, which with the unit matrix, constitute the
generators of the U(2) group in four-dimensional representation. After examin-
ing this formalism, we will be able to find a generalized Pauli spin matrix that
is directly related to the generators of infinitesimal Lorentz transformations.
Also we will show that in this representation any set of equations representing
a field with spin J 2 1 can be reduced to exactly the same form as Maxwell’s
equations. In this case we have to interpret all physical quantities, for example,
E,,B,, A, 0,Jy, p as each having (2J — 1) components. This is possible for
both integer and half-odd integer spin fields. Next, we will discuss constants of
the motion in the Hamiltonian formalism. In this latter section we will present
a fundamental constant of the motion and additional 3 x 472 independent con-
stants of the motion. Finally, as an application, we will show the radiation
patterns of fields with spin J and the total angular momentum /.

2. Maxwell’s Equations

Maxwell’s equations are given by

2.1)

3 The only difference between his definition and ours is the X, coordinate. He chooses
X4 = ct while we choose X4 = ict. Therefore by, by, and by have a different expression.
Since we use iy and iby as A and By, we obtained the commutation relation (3.2).
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where p and / are charge and current density, respectively, and satisfy the
continuity condition

—ptV-j=0 (2.2)

If the quantum-mechanical equivalencies between energy and the time
derivative and between momentum and the space derivative are introduced,
and the two linear combinations
Fr=B+iE
o 23)
F™=B—iF

are also introduced, the four equations can be expressed in two separate

groups:

N L Anh

PFT=——icp —iFtHpxFT= (2.4)
|14
and
_ . 4m o 4mh_
P F = icp iSF 4pxF =—] (2.5)
e ¢ ic

with the continuity condition

i%icp +5-7=0 (2.6)
Equations (2.4) and (2.5) can be expressed in the matrix forms
€ . _
—1 P —bz py —px Fx x
= - Fy* y
2 e 4 Y _dmh @.7)
—-py  px - g —pz Fz* ic jz
€ .
px by pz —i— 0 icp
c
and
. € _ )
1= —pz by —px Fx Jx
¢
pz S —px —py Fy~ y
c B 47h
© === 28)
—py px i - -pz Fz~ e jz
px py pz i £ 0 —icp

where these two matrices have determinant [(e/c)?* — p?]?.
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From these two equations two wave equations can be obtained:
o] - 7, .€ 7 e
A T F* _4nn pxj-!-z;;—plcp
¢ g 0 1/\0 e\ _ -~ €. 29)
p-] ti—icp
¢
and

— oy L€ -
2 P pxj —i—] +picp
L R 1o (F ):‘_‘Z’?_ ¢ (2.10)
¢ 0 1/\0 ic ¢

—-'.-+.__.
Dy lcch

where the fourth components of equations (2.9) and (2.10) represent the con-
tinuity condition. Therefore one can consider equations (2.7) and (2.8) as
basic equations for the electromagnetic field.

Now three matrices are defined:

00 0 00 i 0 0~ 0 o0
0 0 —i 0 i ;
5, = ,EYEOOO z)zzEzOOO
0 i 0 O -i 0 0 0 0 0 i
.10
The matrix operators in equations (2.7) and (2.8) can then be expressed in
the form (Laporte and Uhlenbeck, 1931)
. €
H o oopz py opx
~. €
pz Fi— -—px -py c
=Fi—1-5-5 (2.12)

—. €
~py px ¥ —pz

px py pz F

oo

where 1 represents a 4 x 4 unit matrix. As is easily seen, the three matrices are
Hermitian and satisfy the relationships

2,’2 =%, E,-E,v = — ZjE[ =iZg (2.13)
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where (i,7, k) are cyclic permutations of (x, y, z). These relationships are exactly
those satisfied by the Pauli spin matrices. Therefore, the ¥ matrices and unit
matrix are considered as the four-dimensional representation of the U(2) group.

Under the unitary proper transformation that corresponds to the transfor-
mation from cartesian coordinates to spherical tensor coordinates,

—= — 0 0

i
AR
0 0 1 0
U= 1 i 0 , det(U)=1 (2.14)
V2 V2
0 0 0 —i
the 2 matrices are transformed to
1 1 i i
0 = 0 ——% 0 - 0 —=
V2 V2 V2 V2
1 1 1 i
— 0 — 0 — 0 —— 0
V2 V2 V2 V2
Zx = 0 1 0 1 » Ty = L 0 EE
1 V2 1 V2 V2 V2
-~ 0 5 0 i i
1 0 0 0
0 0 0 1
2= 2.15
Yoo -1 0 (2.13)
0 1 0 0
In these expressions the 4 x 4 matrix will be divided into four parts,
5=(§ C_;.) (2.16)
D 0

where S is the 3 x 3 spin matrix with magnitude J = 1, Dis the 1 x 3 divergence
matrix, Gis the 3 x 1 gradient matrix, and adjoint to D, and Qis the 1 x 1 zero
matrix (see Appendix). Then the basic equations (2.7) and (2.8} can be

expressed as
et o\, . ”@) F*\_4m (7
o 1)7P\5 o 0 € \ep @17

i
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e D) e

where F'* = UF*.

and

3. The Generalized & Matrix and the Infinitesimal Lorentz Group

The previous T matrix will be divided into two operators

Ai=(Si 0), Bi=(o Gi) (3.1)
0 0 D; 0
These six matrices satisfy the commutation relations

[4;,8;] =0

[4i, 4;] = [B:, Bl =idg 3.2)

[4:, B;] = [Bi, 4;] =iBy

where (i, ], k) are cyclic permutations of (x, v, z). From these relationships
one can see that all 4; and B; are the generators of infinitesimal Lorentz trans-
formations except for a phase factor 7 (Naimark, 1964). Since Z; = 4; + B; one
can define another combination X} = A; — B; and then one can separate %;
and 2; completely, namely,

[,271=0
foralliandi’, and
[Z:, 2] =2iZ4

33

(3% 2]1= 2i%% ¢
for cyclic permutations of (x, y, 2).

In this paper we have used Z; in equations (2.17) and (2.18), but one can
express the same equations in terms of Z; if source (f, ¢p) are interchanged.
Therefore, selection of Z; rather than ¥} is ambiguous at the moment, but the
reason for the choice will be given in Section 6.

A successful generalized Z(J) matrix for a spin-/ field, analogous to the

definition (2.16} is
_ 1[50 &v
Em”f(ﬁ(f) —S’(J—l)) G4

where (J) is the 4J x 4J matrix and are required to satisfy the relationships

T =1, DA = - ZNE) =iZi () (3-5)
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Also S(J) is the (27 + 1) x (27 + 1) spin matrix with magnitude J, D(J) is the
(2J — 1) x (27 + 1) divergence matrix, G(J) is the (27 + 1) x (2/ — 1) gradient
matrix, and adjoint to D(J) and S(/ — 1) is the (27 — 1) x (2J — 1) spin
matrix with magnitude J — 1. From the relationships (3.5) one obtains the
following relationships:

S{DSi) + GANDAT) =T 1(J)
S{NGA) —~ Gi(HS(J - 1) =0
DiNSi()) ~ Siltd — 1)D(J) =0
DG + ST~ ST — 1) =T - 1)
SIS + GUNDAS) = —=Sit)S:i(7) — GAND()

= iJSk{J)) (3.6)
S{NGHI) — GANSII — 1) = =S{NGHI) + GHDS — 1)
=iJGr(J)
Dy(NS{JS) — Si(J — 1)Di(J) = —Di)S;(J) + S;(J — 1)Di(J)
=[IDp{J))
DG + S — 1S — 1) = —Di(NGlJ) — S;(J — DSV — 1)
=—iJS(J—-1)

One can easily show that these are consistent with the relationships
Si(NSi) ~ SHNS()) = iSx(J)
SiJ—DS;(J - 1) = S;(J— DS — 1) =iSetJ - 1)
SUNGI) ~ GIINSHT — 1) = ~SiNGH) + GiIS — 1) (3.7)
=iGy(/)
DiNSHT) = SitJ = DD = —DiNSH) + Si7 ~ DD
=D (/)

where (7,7, k) are cyclic orders of (x, y, z).
Analogous to the definition (3.1) one can define

1 1
S,(J) 0 (? - 1) Sl(J) :[ Gi('])

0 M%4)’&m:

7131'(0 - (}“J’ 1) S/ —1)

(3.8)
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These six 4;(J) and B;(J) satisfy the relationship (3.2). Under a unitary proper
transformation, these 4;(J) and B;(J) are transformed into

AN =3ZFN) +3ZP () (3.9)
and
By =3ZP(J) — 1ZP()
where
. 1( - %)) (0 A - l))
V)= (11 V-4 o - HU)= (z’w -bHo ’
1/-%) 0
P =
Z2() (0 0 %)) (3.10)
and
e [SiT=%) 0 )
Py =2 (0 SU-Y (3.11)

IfJ=%,4,(3) = B,3) = 30;, hence Z;(3) = 0; and (1) = 0 where 0; are Pauli

spin matrixes. We will discuss the unitary proper transformation in Section 6.
From relationship (3.6) one can derive the generalized vector algebra for

a multidimensional representation (see Appendix).

4. Generalized Maxwell’s Equations

Analogous to the two basic Maxwell’s equations (2.17) and (2.18), one can
construct two basic field equations for spinJ fields,

{.e_ 1) 0 ),_1(5“(1) Go) ﬂ(ﬂm )_@(fm )
c\o 1w-0) " 7\bw -5u-))\ov-1)" ¢ \epr—1)

4.1

and

[_g(ﬂ(l) 0 ),f_';(s‘(f) G )(F‘(f))
c\0 1(J 1) Py Dy —-SU -1/ \ou -1

_4nh (i(J) )
¢ \—cp(J 1) (4.2)
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where F*(J) are (2J + 1)-component fields and 0(J — 1) are (2J — 1)-compon-
ent null fields. The corresponding wave equations are

e\, L] (1) 0 )F*(J) )zg@
¢ P o qu-p)loy-n

(i o )+_._1_§(f> G )KJ'(J) )
c \0 1W-1 P J\DUY -8 -1))|\ep@ -1

(4.3)
and

Al ) )
\e/ P No w-nllow-n

e (10 0 L= L(50) GO ”(w) )
c\o w-n) P\ su-0)[\eep-1)

44)
Generalized continuity conditions are expressed as

i%ﬂ(J— Dico(/ — 1) +p - %D_(J)j(J) =0/ - 1)

1. s
D 7S(J— Dicp(J — 1)=0(J — 1)
The first one is an ordinary continuity condition while the second one repre-
sents an irrotational property of charge density in a generalized form.

Since F'y =D, F* holds for a vector field, one can define, analogous to it,
a multicomponent vector and scalar as

Fr=1

i

]

BWE*Y)

F*= DU )

7+;}1-D(J)f(1)+i—}—§u— Dicp(J — 1) (4.6)
Fo= 2 DUYY 1550 - Dieptd ~ 1)

icp =icp(J — 1)

where all quantities have (27 — 1) components. Then, with the help of rela-
tionships (3.6), one can derive the equations

Ak o 4nh -
=i j ~ = @7
C
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and
. Anh € - __ 4nh -
p'F =——icp I1—F +pXF =—j" 4.8
p e lep 1 p ol (4.8)
The continuity condition is expressed as
i%i0p+ﬁ-f*=0 “.9)

These equations are exactly the same as equations (2.4), (2.5), and (2.6) except
for current densities j*.
By exactly the same method, one can define potentials:

(F*(J) ):}‘[”g(ﬂ@ 0 +_;(§<.n G )](A(J) )
ov-1 n| clo 1w-1) P I\own -su-nllev-1

(4.10)
and
(F"(J) )___i[s(ﬂw 0 )1_'1 S0y Gy )KA(J) )
ov-1) nlc\o w-n) P T\bwn —su-v)\-ev-1
(4.11)
The generalized Lorentz conditions are then
i%ﬂ(]—— ip(J — 1) +5 - :}D_(J)A(J) =0/ 1) (4.12)
and
'%5(.1.~—1)i¢(J_1)=0(J-1)
If we define
_+5~JI—D(J)A(J)+1‘%§(J~ Do — 1)
A—’E—}E(J)A(J) ~ %S"(J— Dig(J — 1) (4.13)
ig=igp(/ — 1)
one can easily obtain
F*=%[ﬁxi++ifﬁ*~ﬁi¢}
. . (4.14)
ﬁ~=;—{5xg—_f~c~f+ﬁz’¢}
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and the Lorentz condition
z§i¢+;5-j*~=o (4.15)
Equations (4.14) and (4.15) are exactly the same as those of the electromag-

netic fields except for4*.

5. Hamiltonian and Constants of Motion

Using equations (4.1) and (4.2) one can write

FO) N\ o () i)
‘ (O(J-~ 1)) T (O(J—~ 1)) +L“T}"’l(cp(f— 1)) G-

and
FO \. o [FO )
e(O(J— 1))‘“’ e (00— 1)) - W(—cp(fw 1)) 2
Defining
o _(FO) L (F@
Y (J) _(0(J~ 1)), Y ()= (O(J_ 1)) (5.3)

it is found that for a no-source region the above equations become
eVt () =Fcp - NV ) (5.4)

One can interpret H3 = ¥ ¢p - 2(J) as Hamiltonians for free *(J) fields.
Now one can see that the total angular momentum is a good quantum
number. The total angular momentum / (J) is defined as

- - S o
NHh=L+h — (5.5)
0 SUg-1)
where L represents orbital angular momentum. One can easily prove that
Iy, Ho()l =0 (56)
Another quantity which also commutes with the free-field Hamiltonian is
PN =L+inZ() (5.7)
Since the T matrix satisfies the relationship (3.5), it is easily seen that
[P, H5(N} =0 (5.8)

Since there is no unitary transformation between I(J) and /P (J) they are two
different quantities.



188 MINAAR ET AL.

In order to obtain a relation between them, a unitary transformation U'(J)
will be defined to satisfy

U'NZHU'D)™ = 2P() (5.9)

where the Z2(J) were defined in equation (3.10). If this unitary transformation
is applied to the spin matrix in equation (5.5}, it is found that

(5 0 s (E(J—-%) 0 )
U(J)(O §(J~1)) 0T =1PO) s 1610

This is the same matrix 4,(/) of the Lorentz group defined in equation (3.8).
Therefore one can prove the relationship between equations (5.6) and (5.8) as

S 0 o 30 o _ -

xU'D)U' WD =00 B 5 £ PO

S¢S — 0
RUOUOr [(( Y W A)
-2

Xﬁ'fp(f)] U'W) (5.11)

and since X ?(J) has the form shown in equations (3.10), it is obvious that the
second term of the equation (5.11) is zero. Therefore

S0 o _ } fe =
- b Z =8N, p T 5.12
KO S(J—l)) p | =[AN.p ZU)] (5.12)
The commutation relation between the spin operator and the free-field Hamil-
tonian is equivalent to that between the 4 Z(J) operator and the free-field
Hamiltonian.

From the above argument one can construct any constant of motion by

XJ—-3) 0 —
ko=vo |(FF oy TOlre 6

where L + #K(J) is always commutable with Hy* ().

In conclusion /P (/) is a fundamental constant of motion because it corre-
sponds to X(J — ) = O(J — £) while the total angular momentum is one of
induced constant of motion. Except for a multiplying constant, one can easily
find 472 independent X(J — 1/2). This result is entirely different from the one
obtained in the ordinary spin formalism, where the total angular momentum
is the only constant of motion.
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6. Meaning of U'(J) and Composite Fields

The meaning of the unitary transformation U'(J) will be clear if one con-
siders an explicit example. For a field with spin J = 1, the unitary proper
transformation is

1 00 0
1 1
0 \72 0 %
U'(L)= 1 1 |, det@H=1 6.1)
0 \7-2— 0 v/
0 0 1 0

and if one operates with UU'(1) ™ on a composite field consisting of two
spinor fields, U, Ug, one obtains

Lo DN Snmue) a2
O 7% 70\ [rowu@ | [t ) 62
0 0 0 1 U, (1) Uw(2) U4 (1.2)
o L L S \none/ ea2)
V2 V2

A set of the first three fields corresponds to a field with spin 1 and the last
one corresponds to a field with spin 0.

From the above example one obtains for elements of the U "(1)7! matrix
Glebsch-Gorden coefficients, that is,

(U;\k,ﬁ(l’ 2)’ Ua(]‘) Uﬁ(z)) = (%5 O[, %: ﬁ!ka #) (63)

Hence the unitary transformation U'(J) is a proper transformation connecting
a composite space of a spinor.J; =4 and a field withJ, =J — 3, with an
irreducible spherical tensor space of fields with spinJ and J — 1. This is the
reason why a field with spin J always has associated with it (J — 1) divergence
conditions.

The £ matrix that was defined in equation (2.11) is obtained with the
proper transformation

T=U'()TZP(HU'(D) 6.4)

In order to obtain 2, one _has to use an improper transformation. This isthe
reason why we have used I instease of X in the fundamental equations (2.17)
and (2.18).
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Using the above method, one can easily find matrix elements of U'(J)™T by
Uin(1.2), Ua(D) Uy 15(2)) = G, 0. — 3, 817, M)
and 6.5)
(U1, 1(1.2), Up(1) Ur- 1,6 = G 0 T = 3,617~ 1, M)
The generalized Z(J) matrix is easily found by
SN =UWO)TEPNOHUW) (6.6)

It is clear that the U(2) theory is consistent with a theory of composite fields.

7. An Application

As an example, we have calculated angular distributions of the Poynting
vector of fields defined by

1~ ~
-=8) 0 .
Ny = _.C__(F*"(J)T’F‘(J)T) J F_(J)) (7.1)
16w 5 lS_ F~())
75

As was seen in Section 5, the total angular momentum /() is a constant of
the motion. Therefore F*(J) and F (/) fields for a given I (I >J) and its z
component M are expressed as

I+J
F;M(J: “) = L=2{:—J(L,Mv‘ us']: I~i|],M)gL(r)YL,M—u(Q)

(1.2)
+J

Fiag= 3 M=l il MY (@)

where y represents the z component of spin J. For g; (#) and f7, () we have used
asymptotic forms

Results for J=0,4,1,3,2and7=0,4, 1, 2,2 are shown in Table I and some
of them are shown in Figures 1 and 2. As was expected, radiation patterns for
a given (I, M) are very much different for different J. In the case of the J =2
field, the radiation patterns depend on the M value (not | M| value).

8. Concluding Remarks

In this paper, we presented an elementary theory for a field with any spin J.
An essential idea of this theory is to find an expression for U(2) generators in
multidimensional spherical tensor space, that is, a generalized Pauli spin matrix,
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M=t3/z

Mm==x%

=%

Figure 1—Radiation patterns for a field with spin J = } and 2. The arrow indicates the
polar axis. 7, the total angular momentum, is & and M is its z component.

Z(J). This is directly related to the generators of infinitesimal Lorentz trans-
formations in multidimensional space, A(J) and B(J). This formalism led us to
a concept of composite fields, and from it the field equations and the divergence
conditions were naturally deduced. When the Hamiltonian was introduced we
found that the total angular momentum is a constant of the motion. However,
the fundamental constant of the motion is not the total angular momentum but
TPy =L+ 2.

The modification of the present formalism for a nonvanishing mass will be
considered in a future publication.
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J=0 3=1 =2
M=0
M=-1
M=1
m=0
% M==1 M=-2
Mm=2
y 2
=k
CxO == O

=2

Figure 2 Radiation patterns for a field with spin /=0, 1, and 2. The arrow indicates the
polar axis. J, the total angular momentum is 2, and M is its z component.

Appendix

Define generalized space derivative operators as

curl (/) :—i§‘§(J)'§

1 — -
div()) =—i~D(J)-
iv (/) i () v (A
grad (J) :i}l—(-?-(J)‘ v

, 12 =
curl (J’)m—sz(J~ 1)V
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One can then prove the following relationships with the help of equations
(3.6):
div (J) grad (J) — curl’ (/) curl’ (J) =1¢J — 1)v?
curl (/) grad (J) — grad (/) curl’ (J) =0
div (J) curl (J) — curl’ (J) div (J) =O*
— curl (J) curl (/) + grad (J) div (J) = 1(/)v?

where Qs a (27 + 1) x (2J — 1) zero matrix and O™ is a (27 — 1) x 2/ + 1)
zero matrix.

These relationships are considered as a generalized vector algebra because
if we set J =1, curl’ (/) =0, then one obtains the well-known vector algebra.

(A2)
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